Abstract. We study Grothendieck rings (in the sense of logic) of fields. We prove the triviality of the Grothendieck rings of certain fields by constructing definable bijections which imply the triviality. More precisely, we consider valued fields, for example, fields of Laurent series over the real numbers, over p-adic numbers and over finite fields, and construct definable bijections from the line to the line minus one point.
Theorem 2. Let L be F q where F q is the finite field with q = p l elements, p a prime, and let K be one of the fields L((t 1 )), L((t 1 ))((t 2 )), L((t 1 ))((t 2 ))((t 3 )), and so on. Then K 0 (K, L ring ) = 0 and there exists a L ring -definable bijection K → K × .
3
Central in the proofs of this paper is a subgroup H(K, L) of Z, associated to a field K and a language L, which is sensitive to some elementary arithmetical properties of the indices of n-th powers in K × and of the number of n-th roots in K × (see section 3). Using the definition, it follows immediately that, for example, H(R, L ring ) is Z, H(Q p , L ring ) is Z, and H(C, L ring ) is {0}.
We give two criteria for valued fields, for which the value group has a well-determined minimal strictely positive element, to have a trivial Grothendieck ring (proposition 1 and 2). We also consider Laurent series fields over R and over fields of characteristic p > 0, using the language of Denef -Pas. The language of Denef -Pas [5] was introduced to study uniform p-adic integrals for all primes p, and is now still used in, for example, the theory of motivic integration (see [3] and [2] ).
For any Z-valued field K with angular component map ac, the Grothendieck ring K 0 (K, L Pas ) is trivial, and there exists a L Pas -definable bijection from K 2 onto K 2 \ {(0, 0)}, see [1] , Thm. 1 and proposition 2 below. (Proposition 2 is more general than [1] , Thm. 1.) The following theorems give stronger results for iterated Laurent series fields.
Theorem 3. Let K be one of the fields R((t 1 )), R((t 1 ))((t 2 )), R((t 1 ))((t 2 ))((t 3 )), and so on. We have H(K, L ring ) = Z.
Endow K with a valuation onto a group of the form Z k with lexicographical order, k > 0, and with the natural angular component map (as in section 2). Then
and there exist a bijection K → K × , definable in the language L Pas of Denef -Pas.
Theorem 4. Let L be an arbitrary field of characteristic p > 0. Let K be one of the fields L((t 1 )), L((t 1 ))((t 2 )), L((t 1 ))((t 2 ))((t 3 )) and so on. Endow K with a valuation onto a group of the form Z k with lexicographical order, k > 0, and with the natural angular component map (as in section 2). Then K 0 (K, L Pas ) = {0} and there exists a bijection K → K × definable in the language of Denef -Pas.
1.1.
Valued fields. Fix a field K. We call K a valued field if there is an ordered group (G, +, ≤) and a valuation map v :
, v(y)} for all x, y ∈ K. We write R for the valuation ring {x ∈ K | v(x) ≥ 0} of K, M for its unique maximal ideal and we write k for the residue field R/M and p : R → k for the natural projection. If G = Z we call K a Z-valued field. Whenever K is a Z-valued field, the valuation ring R is a discrete valuation ring, and a generator π of the maximal ideal of R is called a uniformizer.
A valued field often carries an angular component map modulo M , or angular component map for short; it is a group homomorphism ac : K × → k × , extended by putting ac(0) = 0, and satisfying ac(x) = p(x) for all x with v(x) = 0 (see [6] ).
1.2. Iterated Laurent series fields. We define iterated Laurent series fields by induction. Let L((t 1 )) be the field of (formal) Laurent series in the variable t 1 over L and let L((t 1 )) . . . ((t n−1 ))((t n )) be the field of (formal) Laurent series in the variable t n over L ((t 1 ) ) . . . ((t n−1 )). On a field L ((t 1 ) ) . . . ((t n )) we can put many valuations, for example the valuation v n taking values in the lexicographically ordered n-fold product of Z, defined as follows. If n = 1, then we put v 1 (x) = s ∈ Z whenever x = i≥s a s t i n with a s = 0 and a i ∈ L. For general n, and x = i≥s a s t i n , where
Remark that the valuation ring with respect to the valuation v n is Henselian. 
Let T be a theory in some language L. A formula ϕ with free variables x 1 , . . . x n determines a set in M n for any model M of T . On these sets we can define a disjoint union operation and Cartesian products in the natural way. The Grothendieck ′ . This group carries a multiplicative structure induced by the Cartesian product of definable sets and the so obtained ring is called the Grothendieck ring of (T, L).
Languages of Denef -Pas
Let K be a valued field, with a valuation map v : K → G∪{∞} for some ordered group G, and an angular component map ac : K → k, where k is the residue field. Let L k be an arbitrary expansion of L ring and let L G be an arbitrary expansion of the language of ordered groups with infinity, namely (+, −, 0, ∞, ≤). A language of Denef -Pas can in fact be either language in a wide variety of languages; it is always a three-sorted language of the form (L k , L ring , L G , v, ac), with as sorts:
(i) a k-sort for the residue field-sort, (ii) a K-sort for the valued field-sort, and (iii) a G-sort for the value group-sort.
The language L ring is used for the K-sort, L k for the k-sort and L G for the G-sort. The function symbol v stands for the valuation map K → G ∪ {∞} and ac stands for an angular component map K → k (in fact, this is an angular component map modulo the maximal ideal M ). A structure for a language of Denef -Pas is denoted (k, K, G ∪ {∞}), where k, K and G are as above.
Remark that if G = Z, namely if K is a Z-valued field, there exists a natural angular component map ac : K → k sending x = 0 to t −v(x) x mod M , where t is a uniformizer of the valuation ring. More generally, if the value group of K is Z n , and t 1 , . . . , t n are field elements such that v(t 1 ) = (1, 0, . . . , 0), . . . , v(t n ) = (0, . . . , 0, 1) forms a set of generators of Z n , there is a natural angular component map ac :
mod M , where v(x) = (r 1 , . . . , r n ). These angular component maps are canonical up to the choice of t and t i . Languages of Denef -Pas are denoted L Pas .
Calculations of Grothendieck rings
Let K be a field and L an expansion of L ring . We write P n (K) or P n for the n-th powers in K × . For n > 1 we put
which is either a nonnegative integer or ∞.
Definition 1. Let K be a field and let the numbers s n (K) and r n (K), n > 1 be as above. For n > 1 we put
• there exists a L-definable n-th root function. This means that there exists a definable set n √ P n and a definable bijection n √ :
If one of the above conditions is not satisfied, we put λ n (K, L) = 1. We define H(K, L) as the subgroup of Z generated by the numbers
be the language of rings with an extra 1-ary relation symbol R which corresponds to a valuation ring inside the model. If the model is a valued field, we take the natural interpretations. 
Proof. We first prove that
√
P n form a partition of K × when x runs over the n-th roots of unity. This gives
Combining with the isomorphism P n ∼ = n √ P n we calculate:
where s n = s n (K) and r n = r n (K). Now let m > 0 be in H(K, L) and let n > 1, s > 0 be integers. By what we just have shown, we can add λ n − 1 disjoint copies of
The lemma follows since the numbers
If L is an expansion of L v , we have the same isomorphisms and the same arguments for R \ {0} instead of K × , working with R ∩ P n and R ∩ n √ P n instead of P n and n √ P n .
Definition 2. Let R be a valuation ring such that the value group has a minimal strictly positive element. Let π ∈ R have minimal strictly positive valuation. Write M for the maximal ideal of R. Let ac be an angular component map K → k, where k is the residue field. We define the set R (1) as
The set R (1) is not necessarily definable in the language L ring . If R (1) is definable in some language L we have the following criterion. Remark also that a minimal strictly positive element in the value group necessarily is unique. Proposition 1. Let K be a valued field. Suppose that the value group has a minimal strictly positive element and let π ∈ R have this minimal strictly positive valuation. Let L be an expansion of L v and let ac be an angular component map K → k, with k the residue field.
Proof. We first prove that K 0 (K, L) = 0. We may suppose that ac(π) = 1, otherwise we could replace π by π/a where a is an arbitrary element with v(a) = 0 and ac(a) = ac(π). The following is a L-isomorphism Next we prove R ∼ = R \ {0}, by taking translates and applying homotheties to the occurring sets. We make all occurring disjoint unions explicit. Write f 1 for the isomorphism
given by lemma 1, it is an isomorphism from one copy of R \ {0} onto two disjoint copies of R \ {0}. Define the function
then f 2 is an isomorphism from the disjoint union of R and R (1) to a copy of R (1) . Finally, we find L-isomorphisms:
Proposition 1 immediately yields the triviality of the Grothendieck rings of Q p and of F q ((t)) with characteristic different from 2, which was originally proven in [1] . Theorems 1 and 2 of the present paper are generalizations. In case that H(K, L) is different from Z, we formulate the following criterion. (The argument of this criterion is similar to the proof of [1] , Thm. 1.) Proposition 2. Let K be a valued field. Suppose that the value group has a unique minimal, strictly positive element and let π ∈ R have this minimal strictly positive valuation. Let L be an expansion of L v and let ac be an angular component map
Proof. We first prove that K 0 (K, L) = 0. As above we may suppose that ac(π) = 1.
The following is a L-isomorphism
As above, this implies that
We argument that the disjoint union of two copies of (R \ {0}) 2 is L-isomorphic to (R \ {0}) 2 itself. Define the sets
Now take the disjoint union of
inside R 2 in some way, meaning that we take disjoint isomorphic copies inside R 2 of the mentioned sets. Using the above isomorphisms g 1 and g 2 in a clever way on these disjoint copies, it is clear that we can remove one copy of R × (R \ {0}) from R 2 and put one copy of (R \ {0}) 2 back instead, hence we find an isomorphism from R 2 to itself minus a point. For details of this construction, we refer to the proof of [1] , theorem 1.
The proofs of theorems 1, 2, and 3
Proof of theorem 1. Fix a field K as in the statement. Using Hensel's lemma, it is elementary to calculate for each n the numbers r n (K) and s n (K), and to find that, for n a prime number, s n (K)/r n (K) is a power of n. Further, it is not difficult to check that taking n-th roots is definable. Therefore, the generator λ 2 − 1 of H(K, L ring ) is uneven and λ 3 − 1 is even. This implies that H(K, L ring ) = Z.
We calculate explicitly for K = Q p ((t)), for the other fields of the statement, the arguments are completely similar, although, notation can get more complicated.
Let v be the valuation on K into Z × Z ∪ {∞} with lexicographical order, determined by: v(x) = (s, r) for x = i≥s a i t i with a i ∈ Q p and a s = 0, the p-adic valuation of a s being r. The valuation ring R is definable and can be described by
Write M for the maximal ideal of R. Let ac : K → F p be the angular component ac(x) = p −r t −s x mod M for nonzero x with v(x) = (s, r). The set R (1) = {x ∈ R | ac(x) = 1} is definable since it is the union of the sets
for i, j = 0, . . . , p − 2. Now we can use proposition 1, to find a L ring -definable bijection K → K × and to find that K 0 (K, L ring ) is trivial. This proves the proposition for fields of the form Q p ((t)). When L is a finite field extension of Q p and K an iterated Laurent series field over L, there are L ring -formula's playing the role of ϕ in the obvious way and the reader can make the adaptations.
Proof of Theorem 2. Suppose for simplicity that K is the field (F p ((t 1 )))((t 2 )) , where p is a prime. The other cases are completely similar. Let v 2 be the valuation on K into Z × Z as in section 1.2; this is a valuation determined by: v(x) = (s, r) for a Laurent series i≥s a i t i 2 with a i ∈ F q ((t 1 )) and a s = 0 and a s = i≥r b i t i 1 with b r = 0 and b i ∈ F q . Write M for the maximal ideal with respect to v 2 . The valuation ring R = {x | v 2 (x) ≥ 0} is L ring -definable because of the following observation:
if char(K) = 2 and R = {x ∈ K | 1 + t 2 x 3 ∈ P 3 & 1 + t 1 x 3 ∈ P 3 }, if char(K) = 2. Let ac : K → F p be the angular component map x → t −s 2 t −r 1 x mod M for nonzero x with v 2 (x) = (s, r). The set R
(1) = {x ∈ R | ac(x) = 1} is definable since it is the union of the sets t j 1 t i 2 P p−1 (K) for i, j = 0, . . . , p − 2. Now use proposition 2 to find that K 0 (K, L ring ) is trivial and to find a L ring -definable bijection
The following is a definable injection:
and thereby, we can define the L ring -isomorphism
This finishes the proof.
Proof of theorem 3. Let K be the field R((t 1 ))...((t n−1 ))((t n )). Taking n-th roots is clearly L ring -definable, and, using the notation of definition 1 we have that λ 2 (K, L ring ) is a power of two and λ 3 (K, L ring ) is a power of three. Therefore, H(R((t)), L ring ) = Z. The existence of a L Pas -definable bijection K → K × and the triviality of K 0 (K, L Pas ) are formal consequences of proposition 1, because H(K, L ring ) = Z, the value group clearly has a unique minimal strictly positive element and R (1) is L Pas -definable.
Proof of theorem 4. Let K be L ((t 1 ) ) . . . ((t n )) where L is a field of characteristic p > 0. The statement follows immediately from proposition 2 using the definable injection R 2 → R : (x, y) → x p + t 1 y p as in the proof of theorem 2.
